SUFFICIENT CONDITIONS FOR OPTIMIZATION
(K DOSTATOCHNYM UCLOVIIAM OPTIMAL’ NOSTI)
PHM Vol.23, No.3, 1959, pp. 592-594

N.N. KRASOVSKII
(Sverdlovsk)

(Received 16 January 1959)

We will analyse the problem described in article [ 1] and dealing with the
determination of an optimal trajectory. In our work we will observe the
same terminology and the same system of notations as those used in [1].
In Section 4 of [ 1] those sufficient conditions (Theorem 4.1) are indi-
cated which are such that a trajectory x(x,, t, 7,) in the system of
equations

dx
0 =1 0 4 gn (1

is locally optimal (in the sense of definition 4.1 in [ 1] ) in respect of
the admissible governing functions n(t), constrained by the condition

M=t (2)

Apart from conditions 1 to 4 (which are analogous to conditions given
by the principle of a maximum [ 2] ), Theorem 4.1 of [ 1] contains some
other limitations {shown by expression 5) on the second derivatives of
azfifaz-éxk. It is the aim of this note to prove that, without these
additional limitations, conditions 1 to 4 of [ 1] fail to produce a locally
optimal trajectory x(x;, ¢, no). and that even these conditions are in-
sufficient for the trajectory to become optimal in respect of small
variations of function qo(t) constrained by condition (2),

Let us now analyse the system of equations
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where a, and a, are some nonlinear, sufficiently smooth functions which
will be presented below, Together with this nonlinear system (3) we will
analyse an auxiliary linear system of equations
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It is known [ 3] that the optimal trajectory of the linear system (4),
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which connects point & = — 3, ¢ = 0 with point £ = 0, { = 0 (under the
limitations imposed by (2)), is as shown on Fig. 1. In Fig. 1 line AB re-
presents a circular arc with its center at point (1, 0), BC represents a
circular arc with its center at point (-1, 0), and CO represents a

circular arc with its center at point (1, 0). The corresponding optimal
governing function no(t) has the form

¥p (t) = — sign [sin (£ — ¢q)]

Let us designate by p(f. {) the distance from point (£, {) to point
(E=-1, ¢{=0), by (. {) the angle between axis { = 0 and a ray
connecting point (£ = - 1, { = 0) with point (£, {), by Vi€, {) the angle
between axis { = 0 and a ray from point (£ = 1, { = 0) to point (£, {).

We can now determine the functions al(f, O, az(f. {) in the following

manner:
ar =0, a;==0

everywhere outside. of zone G enclosed by rays ¢, = /4, ¢, = 37/4 (zone
G is crosshatched in Fig. 1); within zone G functions a, and a, are de-
termined by formulas

a1 (€, {) = &lpt (p —po)? exp [(? — 1) (P — #2)]7?

az (E, §) =— 0w (E+ 1) (p —po)* p* exp [( — 1) (¢ — 92)]™! (5)

Here w = const > 0 and the value of p, is indicated on Fig. 1.

Obviously at p = — 1 the trajectories of system (3) and the trajector-
ies of system (4) appear within zone G as circular arcs with their centers
at a point with coordinates £ = -1, { = 0.

It should be noted that in the vicinity of curve ABCO the functions
a, and a, are of the second order of smallness, and that only the first
derivatives of afi/axj enter into conditions 1 to 4 of Theorem 4.1 of
[1]. For these reasons the trajectory ABCO, which is optimal for the
linear system (3), satisfies (as can be easily verified) conditions 1 to
4, (We should also note that this trajectory satisfies conditions of the
principle of a maximum [ 2] ),

We can now verify by direct calculations that it is possible, at suffi-
ciently large values of w > 0, to choose an admissible function 7 (t) in
such a way that it would satisfy conditions (2) and which, at the same
time, would correspond to the trajectory f(fo, {0. t, ), é(fo, CO' t, n)
of system (3), which connects point (fo = - 3, Co = 0) and point (£ = 0,

{ = 0); this trajectory would also have a smaller time length than the
trajectory ABCO.

Moreover, the trajectory f(fo, Cor to M), C(fO, CO' t, n) may pass as
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near as is desired to the curve ABCO, while the variations of 8y of func-
tion no(t) (that is, the magnitudes of 8y = n(t) — no(t)) may be as small

as is desired. We will not include here the details of all such calcula-
tions, but we will establish the correctness of our assertions by means
of simple graphic representations.

First, we will assume that function 7(t) is replaced in the right side
of system (3) by function

e (1)=%0 (¢} + =pd (F—ta) - eYE (£ — Pp—n)

where §(t) represents the d-function, g, y are some sufficiently small
positive constants, and ¢ > 0 is some arbitrarily small constant, given

a priori,

L &
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A(-3,0)

Fig, 2,

Outside zone G we have d¢p/dt = — 1 at ¢t £ o, t#£ t,ba + m; within zone
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G in the vicinity of curve ABCO we have

dy
dr <1
dw .
g <1 —3w(p—po)?
8! 1N .
5 <o-<5 n/: (6)

where B is a positive constant. For the above reasons the trajectory of
system (3), which corresponds to such a function nl(t) and which passes
through point fo = — 3, 40 = 0at t =0 (when pp and y (g = y) are pro-
perly chosen) will be of the form AB1C1D10 shown on Fig. 2.

This trajectory will reach some point E1 (Fig. 2) at an instant t = T
where T1 is smaller than the period of time t = T needed by a point
moving along the trajectory ABCO to reach point El’ From (6) we obtain
the expression

Ty T g — ovy 2t (vy >> 0 — consl) 7

If we designate by F that point which is reached by the trajectory

ABCO at t =T we will also obtain the inequality

I
Ep — Eg, = vopie? (v >0 — const) (8)

For the time being we will consider p as a fixed quantity and we will
allow y to vary within the limits of

0<Ty <C2u 9
In this case the termini of the trajectories of system (3), which at
t = 0 come out of point §0 = -~ 3, CO = 0, and which correspond to the
instant t = 71, will lie on the segment NlN2 of some curve (Fig. 2).

Let us now examine functions Al(t), Az(t) defined by formulas

JO for tg\bo
m(t) =1 for gu< t<< Yo
lo for o+ pn <<t

(10y
f) {prl<;¢04un~fp
1
re(0) = {7 for o+ w—n <ty 7
l(' for Yo -7 <1t

We will construct the trajectories of system (3) starting at point
fo = -~ 3, éo = 0 at t = 0 and corresponding to the governing function

(1) == 10 (1) + epda (1) 4 evra (2)
Obviously, function n(t) will represent the admissible governing
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functions satisfying conditions (2) at any € << 1. The termini of the
trajectories f(fo, CO’ t, 1), {(60, éO' t, n), which correspond to moment
the t = T, for 0 <y < 2, and which at all the fixed values of p > 0,

€ > 0, will lie on some continuous curve PlPZ. The distance between the
points on this curve and the points on segment N1N2 will be of the second
order of smallness in their p and will satisfy the inequality (for small
values)

N
L
%
“
©

12 (%0, S0, &, %) — 3 (%0, Lo, L, M)
(A = const) (1)

- 2

1€ (%0 Co, 8, M) — < (200 Co, 8, )| << A

where the constant A is independent of w.

We can now conclude from the inequality (8) that when the chosen
quantity o is sufficiently large and when all the values of p > 0, ¢ > 0
are sufficiently small, the curve P1P2 will intersect arc CO at point F
lying farther to the left than point E. This fact indicates that the
corresponding trajectory ABFO of system (3) reaches point £ =0, { =0
in a shorter period of time then does a point moving along the trajectory
f(fo, CO' t, 1%, é(fo, CO, t, 7°) which is controlled by function no(t).

Our assertion is proved.

BIBLIOGRAPHY

1. Krasovskii, N.N., Ob odnoi zadache optimal’nogo regulirovaniia neli-
neinykh sistem (A problem of regulation of nonlinear systems).
PMM Vol. 23, No. 1, 1959,

2. Boltianskii, V.G. and Gamkrelidze, R.V., Pontriagin, L.S., K teorii
optimal’ nykh protsessov (On the theory of optimum processes). Dokl.
Akad. Nauk SSSR Vol. 110, No. 1, 1956,

3. Tsian, Siue-sen’, Tekhnicheskaia kibernetika (Technical Cybernetics).
Publications of Foreign Literature, Moscow, pp. 225-253, 19586,

Translated by R.G.H.



